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BY
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The purpose of this article is to determine as far as possible the connection
between the degree of an irreducible linear homogeneous group and its abstract
group properties. The discussion will be limited for the most part to groups
whose orders are powers of a prime. As a particular phase of the general sub-
ject there arises the question as to the circumstances under which a group can
be simply isomorphic with irreducible groups of different degrees. The simple
group of order 168, for example, is simply isomorphic with irreducible groups
of degrees 3, 6, T, and 8 respectively. On the other hand, I know of no
group whose order is a power of a prime that is simply isomorphic with irredu-
cible groups of different degrees. In fact, the following discussion shows that
in certain irreducible groups the degree is uniquely fixed by certain abstract
properties of the group; and if the degree is not thus uniquely fixed the order
of the group must be greater than the seventh power of a prime.

THeoREM 1. A linear homogeneous group G, of classt k, all of whose
invariant operations are similarity substitutions either is trreducible or is
stmply isomorphic with each of its irreducible components.

If G is reducible, suppose that it has been put into its completely reduced
form. The invariant operations will not be affected by this change. If in any
operation the identity of any irreducible component were associated with a non-
identical operation in the other variables, this operation would be non-invariant
in G, and would therefore give at least one non-identical commutator. This
commutator would also be non-invariant, and none of its successive commutators,
except identity, could be invariant. But this is impossible since G is of class
k. Hence every irreducible component of G is simply isomorphic with G.

TueoreM II. A linear homiogeneous group G, of order a power of a prime,
that has a cyclic central either is irreducible or is simply isomorphic with at
least one of its irreducible components.

* Presented to the Society at the New Haven summer meeting September 3, 1906. Received
for publication October 22, 1906.
tCf. Transactions of the American Mathematical Society, vol. 3 (1902), p. 34%
107



108 W. B. FITE: IRREDUCIBLE LINEAR HOMOGENEOUS [January

If @ is reducible, suppose that it has been put into its completely reduced
form. Then at least one of its irreducible components has at least as many
invariant operations as . If (7, be such a component, it can easily be shown
that G, and G are simply isomorphic.

Let G be any group of finite order g that has a cyclic central (distinet from
identity). It is simply isomorphic with a regular permutation group, which can
be written as a linear homogeneous group. We can therefore think of G as a
linear homogeneous group. The coefficients in this group are either zero or
unity. The central H of G is generated by an operation 2 of order @ and of
the form (when written as a permutation)

(21, 1%10 21,0 ) (@21 %20 @ ) - (Bgra 1802 "+ Tgsa,a)-
The operation S,

a
E-1)(J - . .
yi,j'—_,;“’( s l)wi,k (1-_—1,2,~-~,g/a;]=1,2,-w,a),

where @ is a primitive ath root of unity, transforms G into a semi-canonical
form,* and in particular transforms % into its normal form. It is furthermore
obvious that the roots of the characteristic equation of 4 are the ath roots of
unity each occurring ¢/a times.t In the transformed form of G the variables

wl,j’ mz,ja R | wyla,j (j=192y"'7a)

are transformed into linear combinations of themselves. Let G, be the group
formed by the substitutions of G as far as they affect these g/a variables. If
J — 1 is relatively prime to a, @, is simply isomorphic with G and its invariant
operations are similarity substitutions. If we suppose that G is of class %, it
follows from theorem I that @ is simply isomorphic with each of its irreducible
components. Any irreducible component of any &, (j=1, 2, -+, ) is an irre-
ducible representation of G. Moreover the components of no two of these G'/s
are equivalent. This follows from the fact that in the simple isomorphisms
between these components and G the multipliers of the operations that corre-
spond to % are different. We have then ¢ («) distinet irreducible representa-
tions of G that are simply isomorphic with it.

It follows directly from this discussion that a sufficient condition that a group
of class % be simply isomorphic with an irreducible group is that its central be
cyclie.

* BLICHFELDT, Transactions of the American Mathematical Society, vol. 5(1904),

. 313.
? ?This conclusion is obviously independent of the fact that % is invariant in G. Hence if any
regular permutation of order a is written as a linear homogeneous substitution the roots of its
characteristic equation are the ath roots of unity, each occurring g/a times, where g is the degree
of the permutation.

tCf. Transactions of the American Mathematical Society, vol. 7 (1906), p. 65.
The proof given above is much the simpler one.
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If now @ is an irreducible linear homogeneous group of order p™(p a prime)
and has p* invariant operations, there are at least p*~'(p — 1) distinct irredu-
cible representations of G that are simply isomorphic with it.

Consider the formula *

m

i P
_ZXka": i
=1 &

If we let & refer to the conjugate set formed by an invariant operation of order
p, then &, =1, and we have

mznwipzu‘ +p"t=p",

where x, is the number of irreducible representations of G of degree p™ with
which @ is simply isomorphic, and 3°¢_, «; is the total number of the irreducible
representations with which @ is simply isomorphic. If we denote by & the sub-
group composed of the invariant operations of order p, then, inasmuch as every
invariant subgroup of G contains H, the terms following w, p*™ in the left
member of the last equation give 3~ xJx, for the group G/H, where % refers
to the conjugate set composed of identity, and therefore the sum of these terms
is pmL

It follows from what we have seen that , = p*~'(p —1)(i=1,2, .-, 8).
If one of the irreducible representations with which @ is simply isomorphic is
of degreet p™~="*, then s=1 and ® =p*~'(p —1). Moreover, 3°i_ =, is
the difference between the number of conjugate sets of @ and of G/H. Now
this difference is (p — 1) times the number of conjugate sets of @ /H whose
operations correspond to operations of G that give no invariant commuta-
tors besides identity. Also if every non-invariant operation of G gives an
invariant commutator besides identity the degree of G is} p™-+/2. Hence:

TaEOREM III. A necessary and sufficient condition that an irreducible
group of order p™ with p* invariant operations be of degree p™=72 is that
every non-invariant operation give invariant commutators besides identity.

If @ contains a non-invariant operation that gives no invariant commutator
besides identity, it must be of degree less than p™-*% and therefore it must
contain a non-invariant operation the sum of whose multipliers is not zero.§
Conversely, if G contains a non-invariant operation the sum of whose multi-
pliers is not zero, its degree must be less than p™-+) and therefore it must

* FROBENIUS, Berliner Sitzungsberichte, 1895, II, p. 1363 ; BURNSIDE, Proceed-
ings of the London Mathematical Society, vol. 33 (1900), p. 153; series 2, vol. 1
(1903), p. 123.

+ No one of them can be of greater degree. See Transactions of the American Mathe-
matical Society, vol. 7 (1906), p. 67.

1 Loo. cit., p. 67.

§ Loe. cit., p. 67.
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contain a non-invariant operation that gives no invariant commutator besides
identity. It should be remarked that this does not prove that in an irreducible
group the sum of the multipliers of a non-invariant operation which gives no
invariant commutator besides identity is necessarily different from zero. That
is not yet settled.

Suppose that G, of order p™, is an irreducible group with an abelian sub-
group G of index p®. Then G contains a subgroup G;_, of index p>-' that
contains @, invariantly. None of the irreducible components of G;_, can be
of degree greater than p. If G;_, does not coincide with @ it must be invariant
in a G;_, of index p®~%. None of the irreducible components of G/;_, can be
of degree greater than* p?. By proceeding thus with a series of subgroups
each of which is invariant in the next following one and of index p under it, we
see that the degree of G cannot exceed p°.

THEOREM IV. If an irreducible linear homogeneous group G of order p™
contains an abelian subgroup of order p™~?, the degree of G' cannot exceed p°.

It follows immediately that if G, of order p™, has a cyclic central of order
p* and contains an abelian subgroup of order greater than p™+**, it must con-
tain non-invariant operations that give no invariant commutators besides
identity.

If G, of order p™,is an irreducible group of degree p, it contains an abelian
subgroup of ordert p™~'. It therefore cannot be simply isomorphic with an
irreducible group of any other degree. It can now readily be verified that (as
stated in the introduction) if G is of order p™, where m < 8, it cannot be sim-
ply isomorphic with irreducible groups of different degrees.

If G, is any subgroup of @ of index p® and with p* invariant operations, its
degree must be equal to, or less than, p™—3-«D if it is irreducible, and in case
it is reducible the same must be true of each of its irreducible components. If
p™e~M2 is the degree of G, then m + 86 —a = m—a—A,or A\ = a —a—38.
If we know the degree of (7, this inequality gives us an upper limit to the num-
ber of invariant operations of any subgroup with a given index. On the other
hand, if the abstract group properties of G are known, it gives us an upper
limit to the degree of G'.

TrEOREM V. If G is an irreducible group of order p™ (p an odd prime)
and class 3, the square of the absolute value of the sum of the multipliers of
any operation of G is a power of p.

The theorem is obvious for the invariant operations and for those non-invariant
operations the sums of whose multipliers are zero. ‘We need to consider, then,
only those non-invariant operations the sums of whose multipliers are not zero.

* This argument is based upon a selection of new variables such as is described by BLICH-

FELDT, loc. cit., p. 311.
tTransactions of the American Mathematical Society, vol. 7 (1906), p. 68.
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Let .S be such an operation. Obviously it is not in /,.* We suppose then
that it corresponds to an operation of order pf of G'/H,. Since S can give no
invariant commutator besides identity, there must be in G an operator A such
that S—'A S8 = At, where ¢ is commutative with S, but is not invariant in @.
Now S-2°A48"® — A¢®, and therefore #* is invariant in G. Moreover
S48 = AP PR (PP-012  where A-tA = th, h being invariant in G.
Since #? is invariant, #* =1 and therefore #° — 1, since otherwise S would
give an invariant commutator besides identity. If ¢ is of order pf1 (B, = B),
we put ¢, = #7002 and 4 = 4*P7'. Then S-'4,8=At,.
Now ¢, is of order p. (If it were identity, #°'~" would be invariant and there-
fore 27" = 1; but this would require that #*" ' =1). If8,>1, 4, and ¢,
are commutative.

Since .S and ¢, are commutative, we can consider both of them written in the
normal form:

S: a=o0,2; t,: x =0 (i=1,2,---, n).

i 1 i i

Inasmuch as ¢, is not invariant, its multipliers break up into p sets of equals,
those of one of the sets being unity. If A, and ¢, are commutative, the sum of
the multipliers of § that correspond to each of these sets, except that one whose
terms are all unity, is zero. If 8, =1 and A4 is not commutative with ¢, we
shall have:

gllo

— —1 —_—m2 . —1 P . _
i O =®, O g =@, vy O g1y T =0 =1 (i=1,2,--,p).

Pl YV gpn-lg

From this it follows that

L pn—l
Z 0. = (2 + o 4+ &* + -4 l/G—-D12 + ... 4 w[(p—l)(p-—2)]/2) Zd"
= =1

i=1

If we define x as the first of the following sums, we have

X= 1+o+o"+ o™,
o™iy = o'+ 14’4 o™
oty = o+ o+ 140+ T
0"y =" 4 ... +1,

where, for brevity, m denotes p(p —1)/2.

The sum of the left members of all these equations is x x(x being the conju-
gate imaginary of ). Therefore, ¥ ¥ = p + o, where o is the sum of the ele-
ments of all the columns on the right, except the middle column. Now the sum
of the elements of the ith column to the right of the middle one is

* BUBNSIDE,-— Theory of groups of finite order, p. 62.
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wm-u)/z(l — @i(r—9) ) wPE — 2

1—o T o

Moreover, the sum of the elements of the ith column from the right end (count-
ing the end one as the first one) is

o (P—HDE-IR(] _ or=F) @it o=t

1 — @ 0% — @—2"

Therefore, the sum of the elements of these two columns is zero. Since there is
an even number of columns to the right of the middle one, and since the sum of
the elements of any column to the left of the middle one is the conjugate imag-
inary of the sum of the elements of the corresponding column to the right, we
have* xy ¥ = p. That is, the square of the absolute value of the sum of the
multipliers of § is equal to p times the square of the absolute value of the sum
of the first p"~! of them.

Consider now the subgroup G, of G that is composed of the operations that
are commutative with ¢,. @, is reducible and has p irreducible components.
That part of ¢ that belongs to a certain one of these components has all its
multipliers equal to unity. In this component either S is invariant or it is a
non-invariant operation that gives no invariant commutator besides identity.
In the former case the theorem results immediately; in the latter it is necessary
to apply the same procedure again. By continuing in this way we must finally
come to a component in which S is invariant. Hence the theorem.

The square of the absolute value of the sum of the multipliers of S is at most
equal to p™~'. If we denote by « the number of non-invariant operations of &
that give no invariant commutators besides identity, we have p*+ 4 xp™~! = p™;
that is, = p**'(p™ 2 —1).

TaEOREM V1. An irreducible group of order p™ (p an odd prime), class
8, and degree p™——2"* contains at least p**' (p* — 1) non-invariant operations
that give no invariant commutators besides identity.

CoRNELL UNIVERSITY,
October, 1906.

* For this evaluation of ¥ ¥ I am indebted “0 PROFESSOR C. N. HASKINS.




